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Turbulence Energy and Diffusion Transport of
Third-Moments in a Separating and Reattaching Flow

R. S. Amano,* P. Goel,j and J. C. Chait
University of Wisconsin, Milwaukee, Wisconsin

For accurate prediction of turbulent flow in separated and reattaching regions, it is necessary to incorporate
second- and third-moments of turbulent fluctuations. The turbulence energy and the energy dissipation rate
equations are modified by incorporating second-order closure. Moreover, a transport equation model for the
third-order closure with a near-wall correction is developed for the evaluation of the diffusive action of the
second-moments. After comparison of the results with experimental data, it is concluded that the models
developed here improve the prediction of triple-velocity correlations in both recirculating and redeveloping flow

regions.

Nomenclature
a;; = anisotropy
CD: Ck; C/} C-y;
C,ws C.» Cq, G, = constants used in turbulence model
= skin friction coefficient, 7, /(1/2pUf)

C

C{ J = coefficients for near-wall Reynolds stresses

C, = pressure coefficient, (P ~ P.;)/(1/2pU/%)

fo = function for wall correction

G = generation rate of turbulence kinetic
energy k

G, = generation rate of Reynolds stresses

H = step height

H; = secondary generation rate of Reynolds
stresses

k = turbulence kinetic energy, u?

r = pressure fluctuation

P = mean pressure

u = fluctuating velocity in x direction

U = mean velocity

Un = inlet stream velocity

v = fluctuating velocity in y direction

w = fluctuating velocity in z direction

X, Y, 2 = Cartesian coordinates

Xg = Jocation of flow reattachment measured
from the step

y* = dimensionless distance from wall to

the first numerical node point, (,,/p)"/*y/»
= constants used in Eq. (18)
= Kronecker delta
€ = energy dissipation rate
v = kinematic viscosity
p = density
T, = wall shear stress

oy, as, 03, 0y

i

w

Subscripts
i,j,k,¢,m = tensor notations
ref = reference station (x/H = —4) conditions

Introduction

N computations of the flow in a gas turbine combustor, it
is necessary to evaluate turbulence quantities in order to
accurately predict the heat transfer and chemical reaction
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rates. However, the complexity of the flow structure created
by flow separation and reattachment would make the analysis
rather difficult. For this reason, a basic study of the reattach-
ing shear layer is needed in order to develop a universal
turbulence model that predicts flow behaviors without many
limitations.

A large number of experimental studies on this subject have
been reported in the last two decades (Eaton and Johnston,!
for example). Despite the number of studies on separated and
reattaching shear flows, higher-order turbulence models that
are capable of accurately predicting these reattaching and
recirculating flows have not yet been developed. This is partly
because it is hard to obtain accurate measurements near the
reattaching point due to its intrinsically unsteady nature and
partly because the experimental technique has limitations.

The Reynolds stresses in the reattachment zone were ob-
tained by Etheridge and Kemp,> Kim et al,’ Smyth,* and
others in backward-facing step flows. It has been shown that
the turbulence energy level reaches a peak value approxi-
mately one step height upstream of the reattachment point
along the shear layer and then decays rapidly in the stream-
wise direction toward the wall, although it decays relatively
slowly along the wall in the wall vicinity region. This feature is
in contrast with free shear flows, which do not have the
constraint of the solid wall. It is also noted that the recirculat-
ing zone affects the reattaching shear layer, resulting in higher
turbulence energy levels near the reattachment zone.

Measurements of higher-order turbulence quantities near
the reattachment zone have been made by Chandrsuda and
Bradshaw® and Driver and Seegmiller.’ The triple-velocity
products were measured by Chandrsuda and Bradshaw by
using a hot-wire anemometer for a channel with a width of 3.5
step heights. Driver and Seegmiller used a channel with a
width of 9 step heights. In their case, the boundary-layer
thickness at the step was about 1.5 step heights, with
an inviscid core region outside the separating layer. They
measured the second- and third-moments of turbulence veloc-
ity fluctuations with an LDV.

The third-moment closures have been studied in detail by
several researchers.” "' The models obtained by them are all
in algebraic equations. The models of Daly and Harlow’ and
Shir® correlate the triple-velocity products with the products
of the Reynolds stresses and their gradients. Hanjalic and
Launder® obtained an algebraic equation for the triple-veloc-
ity product from the triple-velocity transport equation by
neglecting the convection, diffusion, generation due to mean
strains, and dissipation rates. Unlike the previously mentioned
models, Cormack et all® obtained an expression for the
triple-velocity products simply by correlating the symmetric
form of anisotropy of turbulence by comparing it with a
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consensus of experimental data available for freejets, wall
flows, and wakes.

This paper deals with a theoretical study of the separating
and reattaching flow downstream of a step. The second-
moment approach of the velocity fluctuation is applied to the
transport equations of turbulence energy and the energy dis-
sipation rate. Upon comparison of the computed results with
available experimental data, optimum coefficients for the dif-
fusion rates are obtained. Moreover, behavior of all the terms
in the k equation computed with the present model is also
compared with the conventional Boussinesq treatment.

All of the algebraic models for third-moment closures seem
to be reasonable for computations of parabolic flows. How-
ever, it has been shown by the present authors'! that the
predictions of such third-moments with algebraic models are
far from reliable experimental data for predicting reattaching
shear flows; the disagreement is remarkable, particularly near
the reattaching region. For this reason, this study is further
extended to the development of transport equations for third-
moments with the incorporation of a near-wall correction
factor. The triple-velocity products across the reattaching shear
layer are investigated by making comparisons with the exist-
ing third-moment algebraic models.

Turbulence Models

Second-Moment Closures

The transport equations which describe the Reynolds-stress
variation in the flowfield are derived as

duw, (9 U, p3uw, 9%
U[a—x/= uu{,‘9 +uu,ax +; F-&-%—l
(i) (i)
o | dww H, . . du; Y
| T = B t) T 20 5 5

(i) (i)

(1)

from which the turbulence kinetic energy equation is also
derived. The definition of the turbulence kinetic energy is

k=142 )

There are two ways to obtain k: one is to solve Eq. (1) for u,

v?, and w? and substitute the results into Eq. (2), and the
other way is to formulate the transport equation for & itself.
When the problem is in a two-dimensional Cartesian coordi-
nate system, the number of equations which need to be solved
is the same using either technique. In this paper, the transport
equation for k is examined in the second-moment closure
rather than solving all three normal components of the
Reynolds stresses. This is because the k equation is widely
used as an indicator of turbulence levels. Thus, the k equation
cannot be omitted when one is solving the two-equation
model or the algebraic-stress model.

Upon contracting Eq. (1) by setting j equal to i and
dividing by two, the k equation yields as

ok E— 0 dk p u;uu,
Uge,= ~4itegx, YV ox,\"3x, ~ p ™ T2
@ (i) (i) (iv)
8u du;
Y ax, 6x,, ©)

)
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Term (i) represents the generation rate, and terms (ii)-(iv)
correspond to the diffusion rate. Term (v) represents the
dissipation of the turbulence energy which is determined by
solving the € equation. Here, terms (iii) and (iv) may be
replaced by the following form:

k——ak)

(i) + () = 50| G T (@)

In the computation, the viscous term (ii) is retained in order to
account for near-wall effects.

To solve for the Reynolds stresses, Eq. (1) was closed as
follows:

au,.uj __ G _3Uj
T ox, '

)
where the pressure-strain correlation ¢,; is divided into two

parts: the Rotta tern?? and the rapid term.!3> The diffusion
rate D,; is conventionally approximated as

9 k duu;
D;; = W(CD?”f“m__axmj) (6)

for the computation of ,u;. A more extensive model for the
triple-velocity products u;u;u, u;u, is given in the next subsection.
The energy dissipation rate equation is given as

de € — Y, du; du,
Ugx,™ "% (.Cd“i“CaT,, + Csz”m;a—x,)

@ (ii)

~ x| e, ax, Y2 9x 9%, Vx ()

where C, =145 and C,=1.92, which are the values cur-
rently used by a number of researchers.

The generation (i) and destruction (ii) terms are evaluated
using a direct approach. The diffusion rate is modified in a
form similar to that of Eq. (4):

Ciia) ®

. a
(i) + () = | G o e

Note that term (V) is also used to account for viscous effects as
before. The coefficients C, and C, were recommended to be
0.31 and 0.15, respectively, by Pope and Whitelaw.!* More
extensive tests for these coefficients are made for the computa-
tion of reattaching shear flows, and better coefficients are
recommended in the discussion section.

Third-Moment Closures

It is known that the higher moments of the turbulence
fluctuating velocity vary rapidly in the shear layer reattaching
to a solid wall.® This affects the accuracy of the computation
in the diffusion term of the Reynolds stresses because it
contains the third-moment velocity fluctuations. Again, it is
evident that the triple-velocity products need to be evaluated
in a transport equation model rather than in an algebraic form
because the convection and generation of the triple-velocity
products have to be taken suitably into account according to
the change in mean strain rates."! For this reason, full trans-
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port equation models of the triple-velocity products are devel-
oped for predictions in the reattaching shear flows.
The complete equations are given as

aU, ay; BU)

u,ax +u; uku,a +ukuu/ax

@

Ju,u
Uy  —— Tjk%e
+uu; 3x, )

Ufax (wwyui) = (

—duu, __au
+ u,.uj ax{ j Uy a

(&)
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()
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- ax/(u U; uku/)
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where terms (i) and (ii) represent the generations due to the
mean strain rate and turbulence stresses, respectively. Terms
(iii) and (iv) both represent the diffusion of the triple-velocity
products. In Eq. (9), the terms associated with the molecular
viscosity are neglected.

The quadruple correlation in term (iii) is decomposed into
the products of the second-order moments from the normal
law according to Hanjalic and Launder®:

Ul U U= Ul Uy gt Uy Uy Ul Ul (10)

The stress-pressure correlation in term (iv) can be approxi-
mated as

(iv) = -

where T is an inverse function of the turbulence time scale.
The final form of Eq. (9) is given as

Tuu;u; (11)
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(12)

In our original work,'® the function T was proposed as

'=c

Y

(13)

L

where C, is an empirical constant. The value of C, has been
recommended to be 5.8 for the best agreement with several
experimental data for u,u;u,. uuu,. > The model with Eq. (13) is
referred to as a “high-Reynolds-number model,” since this
model does not have any terms which take the viscous wall
effects into account. As a result, it was shown that the levels of
the triple-velocity products predicted by using the high-
Reynolds-number model were very high in the near-wall re-
gion.

In this paper, a low-Reynolds-number model for the triple-
velocity correlation is proposed in order to account for the
near-wall effects. According to turbulent boundary-layer the-
ory, the turbulence energy dissipation rate € is represented by
2v(3k?/3y)? in the viscous sublayer and by k*2/(C,y) in
the fully turbulent core region of the boundary layer, where C,
is an empirical constant whose value is 2.55. Due to the
finer-scale eddies generated in the near-wall region, the turbu-
lence dissipation rate increases appreciably toward the solid
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wall. In order to compensate for this effect, the function T is
formulated as

C 3/2 17212
F=f%e+mup%%5p24aQ})D (14)

The relative magnitudes of each term within the braces of Eq.
(14) are compared in Fig. 1. The values for coefficients C, and
C,,, are found to be 2.0 and 8.0, respectively, for the best fit
with a consensus of several experimental data.

The preceding model is compared with four existing mod-
els. These are given as follows:

1) The model of Daly and Harlow’:

[ k_Hu,-uj
u,-ujuk= —0.25;ukut,a—x{ (15)

2) The model of Hanjalic and Launder®:

—dy, _duu, _ duu;
uuuk——-Ollk [uj% i /
¢

3) The model of Shir®:
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Fig. 1 Turbulence dissipation rate in the near-wall region.
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4) The model of Cormack et al.'%:

2

u,-ujuk=4T

dk
[20‘1( 8,8kt 8udiet 8,8:,) Ix,

+a2(aik,j ta; .t akj,i)]

k dk
+ 2? [2a3(8ikaj/+ b‘ijak/-&— tsjka,-/) ?x_/
+ag(aa;, a0+ ajkai,t’,/)] (18)
where
2 da,;
ai/-=ul-uj—-§8ijk a"/"k:a—xkj (19)
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Fig. 2 Computational domain.
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Numerical Model

The transport equations described in the preceding section
were solved by using the finite-volume method of Patankar.1¢
At the inlet of the flowfield considered (Fig. 2), prescribed
values are given to all variables; they are basically taken from
the experimental data with which the results are compared.
Along the top portion and the outflow section of the computa-
tional domain, the continuous boundary condition (zero
gradient of properties in the stream direction) is applied.

At the wall boundaries, the “modified wall law” is used to
specify mean velocities, turbulence kinetic energy, energy dis-
sipation rate, and the Reynolds stresses. This model was
developed by Amand”’ for the computation of separating and
reattaching flows by incorporating the streamwise curvature
effect. The near-wall values for u,u, are determined by using
the correlation equation developed by Amano and Goel.!®
The values for the triple-velocity products at the wall-adjacent
node points are evaluated by using Shir’s algebraic formula
(Eq. A7)]

The solution domain varies depending on whether the step
flows of Chandrsuda and Bradshaw® or Driver and Seeg-
miller® are used. The domain of the former is 50 X 3.5 H with
a solid wall at the upper boundary, whereas that of the latter

Table 1  Coefficients for a;

a a, a; ay,

~814x1073 —1.72 X 1072 —4.80 X102 —1.02x107!
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consists of 60 X4 H with the upper boundary being an
inviscid core flow. In both cases, 52 X 52 grid points are used
with expansion rates of 2 and 3% in the x and y directions,
respectively. With these systems, the dimensionless distance to
the first grid point from the wall, y*, varies from 7 to 30
along the wall, which is considered to be fine enough to
numerically discretize the boundary-layer region of the flow.

Results and Discussion

Figures 3—7 show the computed results of mean velocity
and the Reynolds stresses at several streamwise locations
behind the step for Rey =32,000. The typical CPU time
consumed for one computation was approximately 30 min on
a UNIVAC 1100 with about 300 iterations. It was also found
that the CPU time depends slightly on the values of the
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Fig. 8 Convection of turbulence energy.
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Fig. 9 Diffusion of turbulence energy.

coefficients C, and C, in Eqgs. (4) and (8). Namely, the
computation with C, =0.31 and C = 0.15 took about 16%
more CPU time and 50 additional iterations than the case of
C,=0.1 and C =0.3. As shown in these figures, the profiles
of the Reynolds stresses computed with the coefficients C, =
0.31 and C, = 0.15, which are recommended to date for free-
mixing layers or wakes, are much lower than shown in the
experimental data of Driver and Seegmiller®: about 20-30%
lower for the normal stresses and 14% lower for the shear
stresses.

In order to improve the prediction of these turbulence
stresses in the reattaching shear layer, a number of parametric
tests have been performed for different values of the diffusion
coefficients. It was discerned that the smaller values for C,
and the higher values for C, give better results in comparison
with measured data. This is because the large C, tends to
increase the diffusion of turbulence energy, resulting in lower
levels of the Reynolds stresses. Similarly, the smaller C,, in

turn, increases the dissipation rate of the turbulence energy,
which results in a reduction in the turbulence energy. It
should be noted that the recirculating flow at the corner of the
step and the bottom wall enhances the level of turbulence
energy in the separated flow, resulting in much higher energy
at the reattaching region, and this energy is transported down-
stream.

After performing parametric tests, it was found that the
combination of C,=0.1 and C =03 gives the optimum
results for both the mean velocity and the Reynolds stresses.
It is also observed in Figs. 3-7 that even the Boussinesq
model§ gives better results than the Reynolds-stress model
with the originally recommended diffusion coefficients. The

§The Boussinesq model has the diffusion term in the following
form: D, = (8/3x,)[0.09(k%/o€)( 39/ dx,)] where ¢ represents k or
¢ and o stands for the Prandt] number for k or e.
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Fig. 11 Dissipation of turbulence energy.

improvement made by the Reynolds-stress model with the
new coefficients C, =0.1 and C, = 0.3 is primarily attributed
to the inclusion of the Reynolds stresses, which account for
the nonisotropic effects.

The turbulénce energy balance is examined by using both
the present Reynolds-stress model and the Boussinesq model
and is given in Figs. 8—12. The distributions of the convection
term (Fig. 8) show that both models give equally reasonable
levels at several different locations. For the distributions of
the diffusion term, however, the computed results do not agree
well with the experimental data in the recirculating region, as
exemplified at x/H = 3.9 in Fig. 9. This is the reason why the
triple-velocity products are examined by using the transport
equations for u;u;u;, as shown in the next subsection. Both
the computed distributions of the production rate (Fig. 10)
and the dissipation rate (Fig. 11) are relatively in accordance

with the experimental data, although both models always
slightly overpredict these quantities.

The overall balance of these terms is compared with the
experimental data in Fig, 12. Here the computations are made
by using the Reynolds-stress model with the presently recom-
mended diffusion coefficients. It is observed that both the
production and dissipation rates predominate in the shear
layer near the step, but these levels decay quickly downstream
of the step. In conirast, the diffusion and convection rates
remain almost constant in the streamwise direction, while they
vary rapidly in the transverse direction.

The computed distribution of wall static pressure along the
wall is shown in Fig. 13. The results are also compared with
the data obtained by Driver and Seegmiller.® The agreement
is generally reasonable except that the computations show
about a 15% higher level in the fully developed flow region.
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Reynolds-number models.
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Fig. 16 Triple-velocity products computed by using low- and high-
Reynolds-number models.

The computed distribution of wall shear stress is also com-
pared with the data of the same source and is shown in Fig.
14. The experimental data were obtained by using the oil-flow
laser interferometer. The agreement between the computed
results and the measurements is much better than that of the
pressure coefficient.

In order to establish a reliable model for the prediction of
the third-moments in the reattaching shear layer, the values of
the mean velocities and the second-moments are initially
solved to enable the solution of the transport equations for
u;u;u,. In this way, the existing models for the triple-velocity
products are also evaluated and compared with the present
third-moment closure model. The values of the mean veloci-
ties, ,u;, k, and €, computed with the method described in
the preceding section are stored, and these values are retrieved
when the transport equations for u;u;u, are computed.

__ Since Eq. (12) represents the transport equations of uuu,
uuv, uwov, and pov in a two-dimensional coordinate system and
all four components are coupled among themselves, these four
transport equations are solved iteratively. The iteration was
terminated when the relative residual source of each equation
dropped below 3 x 10712,

Figures 15 and 16 compare the computed triple-velocity
product profiles by using the low- and high-Reynolds-number
models described previously with the experimental data of
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Fig. 17 Triple-velocity products.

Driver and Seegmiller® and of Chandrsuda and Bradshaw,’
respectively. As shown in these figures, the results are im-
proved considerably by using the low-Reynolds-number model,
particularly in the near-wall region.

The reason for the improved performance of the presently
proposed low-Reynolds numbeér model is that the diffusion
trangport is appreciably enhanced in the near-wall region by
adding the dissipation relation for the boundary-layer flows.
Thus, the energy of the triple-velocity correlation is diffused in
the near-wall region due to the small-scale eddies.

Figures 17 and 18 show the triple-velocity correlation pro-
files computed by using the four different algebraic modeis;
these results are also compared to the computations with the
low-Reynolds-number model. As shown in these figures,
the low-Reynolds-number model gives results much closer to
the experimental data than do the other models.

Probably one of the most noteworthy advantages .of using
the transport equation model for the prediction of the third-
momeit velocity fluctuations is that this model can take the
effects of convection, diffusion; and the generation of u,u e
into account in the computations of complex turbulent flows:
Moreover, the transport equations possess a symmetry prop-
erty in all three directions. Thus, predictions with this model
are equally reliable in inhomogeneous flows as well as in
homogeneous ones.
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Fig. 18 Triple-velocity products.

Conclusions

1) The diffusion coefficient of the turbulence energy for the
computation of reattaching shear layers should be smaller
than the commonly used value for free-mixing layers.

2) The diffusion coefficient for the dissipation rate equation
was found to be larger for the computation of reattaching
layers than for free-mixing layers.

3) The production and dissipation rates of the turbulence
energy predominate in the region upstream of the reattach-
ment point, but they decay rapidly downstream from it. In
contrast, the convection and diffusion rates do not change
appreciably in the streamwise direction.

AJAA JOURNAL

4) The low-Reynolds-number transport model for the
third-moment of the turbulence velocity fluctuations improves
the prediction of triple-velocity correlations compared with
algebraic models.
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